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𝑌௧ = 𝛽 + 𝛽ଵ𝑥௧ + 𝛽ଶ𝐴𝑔𝑒௧  + 𝛾 + 𝛼 + 𝜏௦ +  𝜀௧ 
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𝜂௧௦ = 𝛽 + 𝛽ଵ𝑥௧௦  + 𝛽ଶ𝐴𝑔𝑒௧ + 𝛾 + 𝛼 + 𝜏௦ + 𝛾 ∗ 𝜏௦ + 𝛼

∗ 𝜏௦ + 𝛾 ∗ 𝛼 + 𝑥௧௦ ∗ 𝐴𝑔𝑒௧ + 𝑥௧௦ ∗ 𝛾

+ 𝑥௧௦ ∗ 𝛼 + 𝑥௧௦ ∗ 𝜏௦ + 𝐴𝑔𝑒௧ ∗ 𝛼

+ 𝐴𝑔𝑒௧ ∗ 𝜏௦ + 𝐴𝑔𝑒௧ ∗ 𝛾,

𝑥௧௦ ∗ 𝐴𝑔𝑒௧

𝐴𝑔𝑒௧
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𝑥~𝑁(𝜇,  𝜎ଶ)

𝑦 = 𝑒௫  
𝑌~𝐿𝑜𝑔𝑛𝑜𝑟𝑚𝑎𝑙(𝜇,  𝜎ଶ) ⟺ ln (𝑌)~𝑁(𝜇,  𝜎ଶ)

𝑓(𝑦; 𝜇, 𝜎ଶ) =
ଵ

௬(ଶగఙమ)
భ

మൗ
exp ቂ−

ଵ

ଶఙమ
(ln(𝑦) − 𝜇)ଶቃ , − ∞ ≤ 𝜇 ≤ ∞ , 𝑦 >

0 , 𝜎 > 0

 𝑉𝑎𝑟(𝑌) =

𝜃ଶ[𝐸(𝑌)]ଶ = 𝜇ଶ𝜃ଶ 

𝐸(ln(𝑌)) =
1

𝑛
 ln(𝑦)



ୀଵ

≈ ln (μ) −
𝜎ଶ

2
 

𝑉𝑎𝑟[ln(𝑌)] ≈ 
𝜕𝑙𝑛𝑦

𝜕𝑦
|௬ୀఓ൨

ଶ

. 𝑉𝑎𝑟(𝑌) =
1

𝜇ଶ
× 𝜇ଶ𝜃ଶ = 𝜃ଶ 

𝑉𝑎𝑟(𝑌) = 𝜇ଶ𝜃ଶ  

 𝐸(𝑌) = 𝑢 = exp (𝜇 +
ఙ

ଶ

ଶ
)  𝜃 =

ඥ(exp(𝜎ଶ) − 1)

μ
𝑓(𝑦; 𝜇) = exp[𝑎(𝑦)𝑏(𝜇) + 𝑐(𝜇) + 𝑑(𝑦)]

𝑌ଵ, 𝑌ଶ, … , 𝑌 𝑌,~𝐿𝑜𝑔𝑛𝑜𝑟𝑚𝑎𝑙(𝜇, 𝜎ଶ)

𝑓(𝑦; 𝜇) = exp ቄln (𝑦).
ఓ

ఙమ
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ఓమ
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୪୬ (௬)మ
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+

ଵ

ଶ
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ఓ

ఙమ
; 𝑐(𝜇) = −

ఓమ

ଶఙమ
; 𝑑(𝑦) =

−
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−

ଵ

ଶ
ln (2𝜋𝜎ଶ𝑦ଶ) 

β

𝜂௧௦ = 𝛽 + 𝛽ଵ𝑥௧௦ + 𝛽ଶ𝐴𝑔𝑒௧  + 𝛾 + 𝛼 + 𝜏௦ , 

𝑋 = ൣ1, 𝑥ଵ, 𝑥ଶ … , 𝑥൧ = [1,

𝑥௧௦ , 𝐴𝑔𝑒௧ … , 𝐷𝑒𝑐𝑒𝑚𝑏𝑒𝑟]

λ

𝑔(𝑦) = ቌ
𝑦ఒ − 1

𝜆
𝑓𝑜𝑟 𝜆 ≠ 0

log (𝑦) 𝑓𝑜𝑟 𝜆 = 0.

 

λ

λ
λ
λ
λ
λ

𝑔(𝜇) = 𝜂 =  𝑥ᇱ
𝛽, 𝑖 = 1, … . , 𝑛

𝑔൫𝜇௧൯ = 𝜇௧ = 𝛽 + 𝛽ଵ𝑥௧ +

𝛽ଶ𝐴𝑔𝑒௧  + 𝛾 + 𝛼 + 𝜏௦ λ
𝑙𝑜𝑔 ∶  𝑔൫𝜇௧൯ = log (𝜇௧) = 𝛽 + 𝛽ଵ𝑥௧ +

𝛽ଶ𝐴𝑔𝑒௧  + 𝛾 + 𝛼 + 𝜏௦
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β

β

𝐷 = 2 log(𝜆) = 2[𝑙(𝑏௫; 𝑦) − 𝑙(𝑏; 𝑦)] 

𝐷 = 2 log(𝜆) =
1

𝜎ଶ
(ln (𝑦) − �̂�)ଶ



ୀଵ

=
1

𝜎ଶ
(ln (𝑦) − �̂�)ଶ



ୀଵ

. 

𝛽ଵ , … , 𝛽 
𝛽ଵ , … . . , 𝛽

β 𝛽 = ൣ𝛽(ଵ), 𝛽(ଶ)൧
ᇱ

𝛽(ଵ) =

𝛽ଵ, … , 𝛽 𝛽(ଶ) = 𝛽ାଵ, … , 𝛽

𝐻: 𝛽(ଶ) = 0 (𝑎𝑔𝑎𝑖𝑛𝑠𝑡 𝐻ଵ: 𝛽(ଶ) ≠ 0)

𝑙൫𝛽መ; 𝑦൯

𝑙൫𝛽෨; 𝑦൯

𝐷ଶ − 𝐷ଵ = 2ൣ𝑙൫𝛽መ; 𝑦൯ − 𝑙൫𝛽෨; 𝑦൯൧~𝜒ି
ଶ , 

χ

Figure 1: Histogram and Box plot for NO2 emission (tons) 
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𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒 𝑒𝑚𝑖𝑠𝑠𝑖𝑜𝑛 (𝑟. 𝑒) =
𝑁𝑂ଶ 𝑒𝑚𝑖𝑠𝑠𝑖𝑜𝑛 𝑖𝑛 𝑡𝑜𝑛𝑠

𝑒𝑙𝑒𝑐𝑡𝑟𝑖𝑐𝑖𝑡𝑦 𝑠𝑒𝑛𝑡 𝑜𝑢𝑡 𝑖𝑛 𝐺𝑖𝑔𝑎𝑤𝑎𝑡𝑡𝑠 ℎ𝑜𝑢𝑟𝑠

Figure 2: Average NO2 emission (in tons/month) and average electricity sent-out (GWhs/month), 
respectively. These graphical representations are given by power station per month

Figure 3: Average Relative NO2 emission (tons/Gigawatt-hours) by power station, month and filter, respectively
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𝑉𝐼𝐹 =
ଵ

ଵିோమ
 , 𝑖 = 1, … . , 𝑛

𝑉𝐼𝐹 > 10

𝑉𝐼𝐹 =

1.71897 < 10

𝑌௧ = 𝛽 + 𝛽ଵ𝑥௧ + 𝛽ଶ𝐴𝑔𝑒௧ + 𝛾 + 𝛼 +  𝜀௧ 

𝑌𝒕𝒑𝒒 = 𝛽 + 𝛽ଵ𝑥𝒕𝒑𝒒 + 𝛽ଶ𝐴𝑔𝑒௧ + 𝛾 + 𝛼 + 𝑥௧ ×

𝐴𝑔𝑒௧ + 𝑥௧ × 𝛾 + 𝐴𝑔𝑒௧ × 𝛾 + 𝛾 × 𝛼  +  𝜀௧ 

𝜂௧ = 𝛽 + 𝛽ଵ𝑥௧ + 𝛽ଶ𝐴𝑔𝑒௧ + 𝛾, 
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𝑌௧ = 6.138 + 0.0008𝑥௧ + 0.026𝐴𝑔𝑒௧ + 𝛾ො.

𝑌𝒕𝒑 = 𝛽 + 𝛽ଵ𝑥𝒕𝒑 + 𝛽ଶ𝐴𝑔𝑒௧ + 𝛾 + 𝑥௧ × 𝐴𝑔𝑒௧

+ 𝑥௧ × 𝛾 + 𝐴𝑔𝑒௧ × 𝛾 +  𝜀௧ 

Figure 4: Model I (Model with no interaction terms) residual plots for the Normal and 
Lognormal models, respectively.

Figure 5: Model I (Model with no interaction terms) actual vs predicted values plots for 
the Normal and Lognormal models, respectively.
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𝐷ଵ > 𝐷𝐹ଵ = 1281    and 𝐷ଶ > 𝐷𝐹ଶ = 1256  

2

Figure 6: Model II (Model with interaction terms) residual plots for the Normal and 
Lognormal models respectively.

Figure 7: Model II (Model with interaction terms) actual vs predicted values plots 
for the Normal and Lognormal models, respectively.
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𝐷ଵ < 𝐷𝐹ଵ = 1281 and 𝐷ଶ < 𝐷𝐹ଶ = 1256 

2
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𝐷ଵ = 70.4203 with  𝑑𝑒𝑔𝑟𝑒𝑒𝑠 𝑜𝑓 𝑓𝑟𝑒𝑒𝑑𝑜𝑚 = 1281 

and 

𝐷ଶ = 23.9824 with  𝑑𝑒𝑔𝑟𝑒𝑒𝑠 𝑜𝑓 𝑓𝑟𝑒𝑒𝑑𝑜𝑚 = 1256 

𝐻: 𝛽(ଶ)0 𝑎𝑔𝑎𝑖𝑛𝑠𝑡 𝐻ଵ: 𝛽(ଶ) ≠ 0 

𝐷ଵ − 𝐷ଶ = 70.4203 − 23.9824= 46.4379>  37.65 =

𝜒ଵଶ଼ଵିଵଶହ
ଶ = 𝜒ଶହ

ଶ  

𝐻: 𝛽(ଶ) = 0 
α
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Table 6: Prediction evaluation metrices for the Normal and Lognormal models with 
interaction terms (Model II) 

Distribution model II RMSE MAPE MAE

Normal 454.8697 0.0534 296.1763

Lognormal 0.1360 0.0086 0.0653
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Table 5: Lognormal model II: Analysis of ML Parameter Estimates 
 

Analysis Of Maximum Likelihood Parameter Estimates 

Parameter 

  

DF Estimate 

Standard Likelihood Ratio 
95% Confidence 

Limits 

Wald 
Chi-

Square Pr > ChiSq Error 
Intercept   1 6.9384 0.4199 6.1148 7.7620 273.05 <.0001 

electricity   1 0.0007 0.0002 0.0004 0.0010 17.57 <.0001 

Age   1 0.0298 0.0167 -0.0031 0.0626 3.16 0.0754 

station ARNOT 1 -0.9759 0.3318 -1.6267 -0.3251 8.65 0.0033 

station CAMDEN 1 -0.6835 0.4174 -1.5021 0.1351 2.68 0.1015 

station DUVHA 1 0.0676 0.3965 -0.7101 0.8453 0.03 0.8646 

station GROOTVLEI 1 -0.6122 0.6821 -1.9502 0.7258 0.81 0.3695 

station HENDRINA 1 -0.7919 0.4624 -1.6989 0.1150 2.93 0.0868 

station KENDAL 1 1.6753 0.2728 1.1403 2.2104 37.72 <.0001 

station KOMATI 1 -0.2227 1.0517 -2.2854 1.8401 0.04 0.8323 

station KRIEL 1 -0.0715 0.3220 -0.7029 0.5600 0.05 0.8244 

station LETHABO 1 1.3508 0.2938 0.7746 1.9270 21.14 <.0001 

station MAJUBA 1 0.8762 0.3054 0.2772 1.4752 8.23 0.0041 

station MATLA 1 0.1379 0.3545 -0.5575 0.8332 0.15 0.6973 

station TUTUKA 1 -0.5523 0.2839 -1.1091 0.0046 3.78 0.0517 

station MATIMBA 0 0.0000 0.0000 0.0000 0.0000 . . 

electricity*Age   1 -0.0000 0.0000 -0.0000 0.0000 3.08 0.0791 

electricity*station ARNOT 1 0.0007 0.0002 0.0004 0.0010 21.05 <.0001 

electricity*station CAMDEN 1 0.0032 0.0002 0.0028 0.0035 384.35 <.0001 

electricity*station DUVHA 1 0.0002 0.0001 0.0000 0.0004 4.74 0.0295 

electricity*station GROOTVLEI 1 0.0024 0.0002 0.0020 0.0029 128.86 <.0001 

electricity*station HENDRINA 1 0.0009 0.0002 0.0005 0.0012 19.75 <.0001 

electricity*station KENDAL 1 -0.0001 0.0001 -0.0003 0.0001 0.93 0.3355 

electricity*station KOMATI 1 0.0051 0.0003 0.0044 0.0057 209.71 <.0001 

electricity*station KRIEL 1 0.0004 0.0001 0.0002 0.0006 12.40 0.0004 

electricity*station LETHABO 1 0.0000 0.0001 -0.0002 0.0002 0.00 0.9677 

electricity*station MAJUBA 1 -0.0000 0.0001 -0.0002 0.0002 0.00 0.9792 
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